We calculate the chameleon field profile, confined between two parallel plates, filled with air at pressure P = 10 −4 mbar and room temperature and separated by the distance L, in the chameleon field theory with Ratra-Peebles self-interaction potential with index n = 1. We give the exact analytical solution in terms of Jacobian elliptic functions, depending on the mass density of the ambient matter. The obtained analytical solution can be used in qBounce experiments, measuring transition frequencies between quantum gravitational states of ultracold neutrons and also for the calculation of the chameleon field induced Casimir force for the CANNEX experiment. We show that the chameleon-matter interactions with coupling constants β ≤ 10 4 can be probed by qBounce experiments with sensitivities ∆E ≤ 10 −18 eV. At L = 30.1 µm we reproduce the result β < 5.8 × 10 8 , obtained by Jenke et al. Phys. Rev. Lett. 112, 151105 (2014)) at sensitivity ∆E ∼ 10 −14 eV. In the vicinity of one of the plates our solution coincides with the solution, obtained by Brax and Pignol (Phys. Rev. Lett. 107, 111301 (2011)) (see also Ivanov et al. Phys. Rev. D 87, 105013 (2013)) above a plate at zero density of the ambient matter.
I. INTRODUCTION
The chameleon field, changing its mass in dependence of the density of its environment [1, 2] , has been invented to avoid the problem of the equivalence principle violation [3] . Nowadays it is accepted that the chameleon field, identified with quintessence [4] [5] [6] , i.e. a canonical scalar field, can be useful for the explanation of the late-time acceleration of the Universe expansion [7] [8] [9] [10] (see, for example, [11] ). In addition, the chameleon field may shed light on dark energy dynamics [12] - [17] . In terrestrial laboratories [18] - [26] chameleon-matter interactions have been investigated in terms of ultracold neutrons, coupled to the chameleon field above a mirror [27] and between two mirrors [28] , as well as cold neutrons by using neutron interferometers [24] [25] [26] and via atom interferometry [29, 30] with 133 Cs atoms as test particles, [31, 32] in the chameleon field theory with the Ratra-Peebles self-interaction potential. In these experiments the contribution of the chameleon field has been extracted in terms of the chameleon-matter coupling constant β with the upper bounds β < 5.8 × 10 8 (qBounce experiment for Ratra-Peebles potential with index 1 ≤ n ≤ 10) [23] , β < 1.9 × 10 7 (neutron interferometry for the Ratra-Peebles potential with index n = 1) [25] and β < 4.5 × 10
4
(atom interferometry for Ratra-Peebles potential with index n = 1) [31, 32] . Unfortunately, there is still no plausible explanation why the chameleon field couples to neutrons as test particles with strength β < 10 7 , whereas to 133 Cs test particles with β < 10 4 . The new run of qBounce experiments with ultracold neutrons, using Gravity Resonance Spectroscopy and invented for measurements of the transitions frequencies between quantum gravitational states of ultracold neutrons bouncing above a mirror [33] , should give new upper bounds on the chameleon-neutron couplings.
In this paper we give the analytical solution for the chameleon field, confined between two parallel plates, in the chameleon field theory with Ratra-Peebles self-interaction potential with index n = 1. Such a potential is very popular in atom interferometry [29] [30] [31] [32] . In section II we write the equation of motion for the chameleon field and define the effective potential of the chameleon-matter and chameleon self-interactions. In section III we solve the equation of motion for the chameleon field profile in terms of Jacobian elliptic functions. In section IV we use the boundary conditions for the chameleon field and derive the equation for the definition of the parameter φ 0 , which is the maximum value of the chameleon field between two parallel plates. We make numerical calculations of the parameters of the chameleon field profile. In section V we calculate the contributions of the chameleon field profile, derived in section III, to the transition frequencies of quantum gravitational states of ultracold neutrons. In section VI we discuss the allowed region of the chameleon-matter coupling constantβ, i.e. 0 ≤ β < β max , which can be measured experimentally for the chameleon field coupled to neutron, confined between two parallel plates. We show that the maximum value β max depends on the density of the ambient matter ρ and the distance L between plates. Such a dependence appears because of the not positive-definite of the first integral of the equation of motion of the chameleon field between two parallel plates. Indeed, the squared first derivative of the chameleon field is proportional to the difference V eff (φ) − V eff (φ 0 ) of the effective potentials, which is not positive-definite for an arbitrary product βρ. Together with the boundary condition Eq. (21), which depends on the distance between two parallel plates L, this imposes the constraint on β max in dependence of the density of the ambient matter ρ and the distance L. Of course, the obtained constraints on β max are valid only for 1D-profiles of the chameleon field between two parallel plates and violated for 2D-and 3D-profiles. We show that the chameleon-matter coupling constant β ≤ 10 4 can be extracted from the experimental data on the transition frequencies of quantum gravitational states of ultracold neutrons for experimental sensitivities ∆E ≤ 10 −18 eV. We would like to emphasize that currently such a sensitivity is not reachable at the qBounce experiments. Presently one may relay on the sensitivity ∆E ≤ 5 × 10 −15 eV [33] . However, according to Abele et al. [18] , one may expect soon a substantial improvement of the sensitivity up to ∆E ≤ 10 −17 eV (Phase I Ramsey Experiment) and to ∆E ≤ 10 −21 eV (Phase II Ramsey Experiment) [23] . In section VII we discuss the obtained results.
II. EQUATION OF MOTION FOR CHAMELEON FIELD, CONFINED BETWEEN TWO PLATES
In this section we search for the solution of the chameleon equation of motion for the chameleon field, confined between two plates parallel the (x, y) plane, separated by a length L and localized at z = 0 and z = L, respectively. Following [28] the corresponding equation of motion for the chameleon field φ(z) is given by
where V eff (φ) is the effective potential defined by
Here Λ 5 /φ is the Ratra-Peebles potential of the self-interaction of the chameleon field with index n = 1, whereas the term proportional to the matter density ρ is the potential of the chameleon-matter interaction. Then, Λ = 4 3M 2 Pl H 2 0 Ω Λ = 2.24(2) × 10 −3 eV is the dark energy scale parameter, M Pl = 1/ √ 8πG N = 2.435 × 10 27 eV and G N are the reduced Planck mass and the Newtonian gravitational constant, respectively, and Ω Λ ≃ 0.685 is the relative dark energy density in the Universe [34] .
III. SOLUTION TO EQUATION OF MOTION FOR CHAMELEON FIELD, CONFINED BETWEEN TWO PLATES
The solution of Eq. (1) we obtain from the first integral of Eq. (1) equal to
where V eff (φ 0 ) is the integration constant, given by
and φ 0 is the value of the chameleon field at z = L/2, i.e. φ(L/2) = φ 0 and dφ(z)/dz| z=L/2 = 0 [28] . The solution to Eq. (3) we obtain in the form of the integral [28] 
where x = φ/φ 0 and k [28] . Here φ v is a minimum of the chameleon field, which it can reach in the unrestricted space interval. Making a change of variables x ′ = sin 2 ϕ we arrive at the expression
where
is the slope parameter. The right-hand-side (r.h.s.) of Eq. (6) we give in the form of the derivative with respect to the parameter k 2 . Replacing then
Integrating Eq. (7) over p 2 in the limits 0 ≤ p 2 ≤ k 2 we arrive at the expression
The integral over ϕ can be given in terms of the elliptic integral of the second kind [35] π/2
This allows to rewrite Eq. (8) as follows
Then, we use the following properties of the elliptic integral of the second kind [36]
where sn(t, k) is the Jacobian elliptic function [35] . Plugging Eq. (11) into Eq. (10) we get
where we have set x = φ(z)/φ 0 (see Eq. (6)). The chameleon field φ(z) is given by
where Sn −1 (x, k) is the inverse function of the Jacobian elliptic function Sn(u, k) = x. Since at z = L/2 we get Sn −1 {Sn(π/2, k), k} = π/2, the solution Eq. (13) gives φ(L/2) = φ 0 . Practically, the solution Eq. (13) is valid in the space interval 0 ≤ z ≤ L/2. For the definition of the solution valid in the space interval 0 ≤ z ≤ L we follow [28] and get
Let us show that the solution Eq. (14) is continuous in the vicinity of z = L/2. For this aim we define the chameleon field as follows φ(z) = φ 0 − δφ(z), where δφ(z) is a small deviation of the chameleon field φ(z) from φ 0 in a small vicinity of z = L/2 such as φ 0 ≫ δφ(z). Using then the expansion
and Eq. (12) we get
Thus, in the vicinity of z = L/2 the chameleon field profile is defined by the function
This confirms a continuity of the chameleon field profile Eq. (14) in the vicinity of z = L/2. Now we may proceed to the definition of the parameter φ 0 . For this aim we have to use the boundary conditions.
IV. BOUNDARY CONDITIONS AND DEFINITION OF φ0
The main parameter of the solution Eq. (14) is φ 0 , which defines also k = φ 0 /φ v . Following [28] we determine it from boundary conditions:
Skipping intermediate calculations (see [28] ) we arrive at the relation
where ρ m is the mass density of the plates and φ m is the minimum of the chameleon field inside the plates φ m = Λ 5 M Pl /βρ m . At ρ → 0 or φ v → ∞ Eq. (19) reduces to Eq. (39) of Ref. [28] . One more equation we obtain by using Eq. (13) at z = 0 (or Eq. (14) at z = L), which can be rewritten as follows
Plugging Eq. (19) into Eq. (20) we obtain the equation, which defines the parameter φ 0 through the dark energy scale Λ, the spatial scale of the experimental setup L and matter densities ρ and ρ m between two parallel plates and inside the plates, respectively. For numerical calculations we use L = 20 cm, ρ = 1.188 × 10 −10 g/cm 3 = 5.123 × 10 8 eV 4 , corresponding the air density and pressure P = 10 −4 mbar, ρ m = 2.51 g/cm 3 = 1.082 × 10 19 eV 4 [33] , and Λ = 2.24 × 10 −3 eV and β = 10 4 . However, in order to reproduce the result β < 10 7 , obtained in [33] , we have to use L = 1 cm. The value of the chameleon-matter coupling constant β = 10 4 is chosen in agreement with recent results in the atom interferometry [31, 32] . Since for β = 10 4 , Λ = 2.24 × 10 −3 eV and ρ m = 1.082 × 10 19 eV 4 we get φ m = Λ 5 M Pl /βρ m = 3.56 × 10 −5 eV, for the accepted parameters of the experimental setup [33] we may set φ b = 0. As a result, we arrive at the equation for the parameter k, given by
For β = 10 4 , Λ = 2.24 × 10 −3 eV and ρ = 5.123 × 10 8 eV 4 we obtain φ v = Λ 5 M Pl /βρ = 5.177 eV, and for L = 20 cm the numerical solution of Eq. (21) gives k = 0.070 and φ 0 = 0.360 eV.
In Fig. 1 we give the profile of the chameleon field, defined by Eq. (14) in the spatial region 0 ≤ z ≤ L = 20 cm and calculated for β = 10 4 , air density ρ = 1.188 × 10 −10 g/cm 3 at pressure P = 10 −4 mbar and room temperature. 
V. TRANSITION FREQUENCIES BETWEEN QUANTUM GRAVITATIONAL STATES OF ULTRACOLD NEUTRONS
Because of a very large value L = 20 cm the wave functions of the quantum gravitational states of ultracold neutrons we may take in the form, corresponding to ultracold neutrons bouncing in the gravitational field of the Earth above a mirror [38]
where ξ = z/ℓ 0 , Ai(x) is the Airy function, ℓ 0 = (2m 2 g) −1/3 = 5.87 µm, ξ k ′ are the roots of the equation Ai(ξ k ′ ) = 0, caused by the boundary condition ψ k ′ (0) = 0. The roots ξ k ′ define the energy spectrum of quantum gravitational states
. ., where mgℓ 0 = 0.602 peV. According [33] , the transitions |1 → |3 and |1 → |4 there have been only observed. The contributions δω k ′ 1 of the chameleon field to the transition frequencies of the transitions |1 → |k ′ are equal to
for k ′ = 3, 4 [33] , where ξ = z/ℓ 0 and the chameleon field profile φ(ξℓ 0 ) is given by Eq. (14) . The numerical calculations, carried out with the chameleon field profile Eq. (14) , give the following results: δω 31 = 3.72 × 10 −18 eV and δω 41 = 4.98 × 10 −18 eV. Thus, the contribution of the chameleon field to the transition frequencies of quantum gravitational states of ultracold neutrons, bouncing above a mirror in the gravitational field of the Earth, with the chameleon-matter coupling constant β = 10 4 are at the level of sensitivities ∆E ∼ 10 −18 eV. For the comparison we propose the following approximation. One may assert that because of the wave functions of the gravitational states of ultracold neutrons the contributions to the transition frequencies δω 31 and δω 41 come from the spatial region or order of a few micrometers. This means that we may use an approximation for the chameleon field profile in the vicinity of the lower plate. Assuming that φ 0 ≫ φ(z) we transform Eq. (14) into the form
which agrees well with the results, obtained in [27, 28] for the chameleon field profile above a mirror in the space with density ρ = 0. Plugging Eq. (24) into Eq. (23) and integrating over the region 0 ≤ ξ < ∞ we obtain δω 31 = 2.34 × 10 −18 eV and δω 41 = 3.14 × 10 −18 eV at β = 10 4 .
VI. ALLOWED REGION OF THE CHAMELEON-MATTER COUPLING CONSTANT 0 ≤ β < βmax IN DEPENDENCE OF THE PARAMETERS OF THE EXPERIMENTAL SETUP
According to Eq.(5), the right-hand-side (r.h.s.) V eff (φ) − V eff (φ 0 ) of Eq. (3) is not positive-definite. Since the chameleon field is a real scalar field, the integrand of Eq. (5) should be a real function. This implies that the parameter (6) - (9)
For the air density ρ = 1.188 × 10 −10 g/cm 3 , corresponding to air density at pressure P = 10 −4 mbar and room temperature, and φ 0 = 0.277 eV, caused by the solution of the boundary condition Eq. (21), we get β max = 3.5 × 10 6 . For the Ratra-Peebles potential with index n the allowed region of the chameleon-matter coupling constant is restricted by
We would like to note that β max does not define the upper bound of the chameleon-matter coupling constant, but it defines a maximal value of the chameleon-matter coupling constant, which can be measured for given density ρ and the distance L, caused by the experimental setup.
We would like to emphasize that the constraint on the maximal value of the chameleon-matter coupling constant exists only for the chameleon field, confined between two parallel infinitely large plates. In this case the second order differential equation of motion of the chameleon field possesses the first integral, having the shape of Eq. (3), where the r.h.s. is not positive-definite. For any 2D-or 3D-profile of the chameleon field, when the equation of motion
where ∆ is the Laplacian in the 2D-or 3D-dimensional space, cannot be reduced to the form of Eq. (3), the constraint on the maximal value of the chameleon-matter coupling constant β max does not exist. The latter concerns the results, obtained in the neutron interferometry by Brax et al. [24] and Lemmel et al. [25] , where the 2D-and 3D-profiles of the chameleon field have been used for the analysis of the phase shift of the neutron wave function, respectively.
VII. CONCLUSION
We have found the exact solution for the chameleon field, confined between two parallel plates and described by the chameleon field theory with the Ratra-Peebles potential with index n = 1. Such a potential is very popular for the measurements of the chameleon-matter coupling constant in atom interferometry [29] [30] [31] [32] . We have applied the obtained chameleon field profile to the analysis of the transition frequencies of the quantum gravitational states of ultracold neutrons, bouncing above a mirror in the gravitational field of the Earth [33] . We have shown that in the vicinity of the plate at z = 0 our exact solution Eq.(14 reduces to the form φ(z) = Λ(3Λℓ 0 / √ 2) 2/3 (z/ℓ 0 ) 2/3 , which agrees well with the chameleon field profile, calculated in [27, 28] for zero density of ambient matter. Then, we have shown that the contribution of the chameleon field profile to the transition frequencies between the states |1 → |3 and |1 → |4 , caused by the chameleon-neutron interaction with the chameleon-matter coupling constant β ≤ 10 4 [31, 32] , can be observed only at the level of sensitivities ∆E ≤ 10 −18 eV. Replacing L = 20 cm by L = 30.1 µm the obtained profile of the chameleon field Eq. (14) can be used for the qBounce experiments with ultracold neutrons, bouncing between two mirrors [23] and described by the wave functions [28] , and the measurement of the Casimir force, caused by the chameleon field, in the CANNEX experiments [39] .
We would like to emphasize that the allowed region 0 ≤ β < β max for a measurement of the chameleon-matter coupling constant β depends on the ambient matter density ρ and the distance L between two parallel plates.
For example, for the air density ρ = 1.188 × 10 −10 g/cm 3 at pressure P = 10 −4 mbar and room temperature and the distance between two plates L = 30, 1 µm [23] the constraint k < 1 and the boundary condition Eq.(21) define the following allowed region of the chameleon-matter coupling constant 0 ≤ β < β max = 4×10
11 . This does not contradict the result β < 5.8 × 10 8 , obtained by Jenke et al. [23] . For the chameleon-matter coupling constant β = 5.8 × 10
8 and density ρ = 1.188 × 10 −10 g/cm 3 we get φ 0 = 1.022 × 10 −3 eV, φ v = 2.150 × 10 −2 eV and k = φ 0 /φ v = 0.048. This gives the following contributions of the chameleon field to the transition frequencies δω 31 = 5.20 × 10 −14 eV and δω 41 = 6.67 × 10 −14 eV, which agree well with the results obtained by Jenke et al. [23] . For the calculation of the transition frequencies δω 31 = 5.20 × 10 −14 eV and δω 41 = 6.67 × 10 −14 eV we have used the wave functions of the ultracold neutrons, confined between two parallel plates and defined in [28] .
For L = 100 µm and ρ = 1.188 × 10 −10 g/cm 3 we get the allowed region of the chameleon-matter coupling constants 0 ≤ β < β max = 8.5 × 10 10 . Then, for β = 10 7 we obtain φ 0 = 2.271 × 10 −3 eV, φ v = 0.164 eV and k = φ 0 /φ v = 0.014. The contributions of the chameleon field to the transition frequencies are equal to δω 31 = −2.69 × 10 −17 eV and δω 41 = +5.45 × 10 −16 eV. These results become observable at sensitivity ∆E < 10 −17 eV [18] . For L = 1 cm and ρ = 1.188 × 10 −10 g/cm 3 we get the allowed region of the chameleon-matter coupling constants 0 ≤ β < β max = 1.6 × 10 8 . Then, for β = 10 7 we obtain φ 0 = 4.825 × 10 −2 eV, φ v = 0.164 eV and k = φ 0 /φ v = 0.029. The contributions of the chameleon field to the transition frequencies amount to δω 31 = 1.23 × 10 −15 eV and δω 41 = 1.65 × 10 −15 eV. These results can be observed at sensitivity ∆E < 5 × 10 −15 eV [33] . For the density ρ = 1.642 × 10 −11 g/cm 3 of helium gas at pressure P = 10 −4 mbar and room temperature, which has been used by Brax et al. [24] , and L = 1 cm we get the allowed region of the chameleon-matter coupling constant equal to 0 ≤ β < β max = 1.3×10
9 . Then, for β = 10 7 we obtain φ 0 = 4.885×10 −2 eV, φ v = 0.441 eV and k = φ 0 /φ v = 0.111. The contributions of the chameleon field to the transition frequencies amount to δω 31 = 1.23 × 10 −15 eV and δω 41 = 1.66 × 10 −15 eV. These results can be also observed at sensitivity ∆E < 5 × 10 −15 eV [33] . Finally we would like to mention the paper by Burrage, Copeland, and Stevenson [40] , where the authors solve the problem of the chameleon field, confined between two parallel plates. Unlike our solution Eq. (14), calculated for a non-vanishing matter density ρ = 0 between two parallel plates, the solution Eq. (5) is calculated in [40] at zero matter density ρ = 0. It is important to emphasize that because of the constraint k 2 = φ 2 0 /φ 2 v < 1 together with Eq.(21), caused by boundary conditions, the account for a non-vanishing matter density between two parallel plates restricts from above 0 ≤ β < β max the values of the chameleon-matter coupling constant β. The coupling constant β max depends on a matter density and a distance between plates and characterizes a maximal chameleon-matter coupling constant, which can be measured for given experimental conditions.
